Lecture 17
Branch and Price for VRPs



Previously on Transportation Logistics

The two-index formulation keeps track of binary variables x; which is 1 if
arc (/,) is used and is 0 otherwise.

(iJ)EA

st. x(67(0)) = x(67(0)) = |K|
x(0T (i) =1 Vie N\{0}
x(67()) =1 Vie N\{0}
x(67(S)) > r(S) VS C N\{0},S#0
x;j € 40,1} V(i,j)eA

The fourth constraint, also called as the capacity-cut constraints (CCC)
addresses both capacity limits as well as prevents sub-tours.
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Previously on Transportation Logistics

Suppose J is a set of tours which are feasible (satisfy capacity constraints).
Let aj; be 1 if tour j visits customer i and is 0 otherwise.

Define ¢; as the cost of the tour and y; as a binary variable which is 1 if
tour j is chosen.

min chyj
jed
s.t. Zyj = |K|
jed
D ajy =1 Vie V\{0}
jed
y; €{0,1} Vjied
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Previously on Transportation Logistics

If the costs satisfy triangle inequality, the problem can be formulated as a
covering problem.

> apx > 1Vie V\{0}

Jjed

The solution can be repaired by adding a short-cut (7,9) or (5,0).

The advantage of using the covering version is that the feasible tours can
be replaced with maximal-feasible tours. For example, we need not have
tours 0-4-0, 0-4-10-0, and 0-4-10-5-0, in the above example.

Further, the dual space is more constrained for the covering problem.
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Previously on Transportation Logistics

Let decision variable wj indicate the start time of service at customer i by

vehicle k.

min Z Z Cijk Xijk
kEK (ij)EA

st Dgex xk(07(7)) =1
x(0%(0)) =1
xi(07(7)) = xw (7 (7))
X(6 (n+1))=1
Wik > Wik + 5 + tij — Mii(1 — xi)
aj < wix < b;
Dien dixi (67 (7)) < Ci
xiik € {0,1}

What is a good choice of M;;? b + s; + tjj —

i€ N\{0,n+1}
VkeK

Vie N\{0,n+1}, ke K
Vke K
VkeK,(i,j)e A

Vke K,ieN

VkeK
V(i,j)e A ke K

aj.
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Previously on Transportation Logistics

The reduced costs are evaluated using the duals of the master problem.
We begin with an initial set of columns J that guarantees feasibility of the
restricted master.

Solve the restricted master problem

min E CJXJ

jed
st. Y Ajx=b
jed
x; >0VjeJ

Suppose y represents the optimal dual solution.

Solve the sub-problem zs,, = min;c c(c; — yTA ). Let j* be the
optimal solution.

If zgup < 0, J + JU{j*} and go to Step 1, else terminate.
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Previously on Transportation Logistics

Define dual variables wy and w» for the first and second constraint of the
LP relaxation of the restricted version of this master problem.

The first constraint can be written in standard form using a slack but that
does not affect the pricing problem.

The reduced cost is therefore

_ tp

Cp = Cp — [Wl WQ} 1 =Cp— Witp — wa
To find a path which minimizes this expression, what are the decision
variables? Can we write this as an optimization problem involving link

flow variables?

Note that wy and ws are constants in the following pricing sub-problem.
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Previously on Transportation Logistics

Note that the pricing problem does not have the complicating constraint.
Hence, standard labeling methods can be used. The arc weights can be
negative and hence we should ensure that the path is elementary.

Zsyb = MIN E CijXij — witjjXjj — Wp

(ij)eEA
1 ifi=s
st > xj— > xw=1{-1 ifi=t
J:(ij)eA h:(h,i)€A 0 otherwise

xj€{0,1}V(i,j) € A

If zgup < 0, then we add the new path formed by the links belonging to
the path to the RMP and resolve it to get new dual variables.

Apply this method to find the optimal resource constrained path in the
earlier instance.
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Lecture Qutline

VRP Reformulations

Elementary Shortest Paths with Resource Constraints

9/32



Lecture Qutline

VRP Reformulations
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VRP Reformulations

Consider the set-partitioning version of the VRP. This model is generic and
can handle capacity and time window constraints since we only pick those
tours P which satisfies those constraints.

Suppose, we let some of the vehicles be unused, then we can write the
formulation as

min Zcpyp

peP

s.t. Z ajpyp =1 vie V\{0}
peP
yp € {0,1} VpeP

Write the pricing problem for this formulation for the CVRP and the
CVRPTTW.
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VRP Reformulations

Now consider a variant in which a customer can be visited more than once.
Recall that if triangle inequality is satisfied, we can repair this solution.

Here, aj indicates the number of times route j visits customer i.

min Zcpyp

peP

s.t. Z apyp > 1 vie V\{0}
peP
v, € {0,1} VpeP

Is the pricing problem different for this variant? Does it have a higher/lower
LP relaxation objective compared to the previous partition version?
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Lecture Qutline

Elementary Shortest Paths with Resource
Constraints
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ESPPRC

For solving LP relaxations of VRPs, it is necessary to find the elementary
shortest paths which turns out to be NP-hard.

Also, the underlying graphs for this problem can have negative edge weights
(why?), which needs to be factored while designing any algorithm.
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ESPPRC

Consider a graph G = (N, A), an origin s and destination t. Each arc (i, )
has a cost cj;. No non-negativity constraints on the costs are assumed.

Also assume L resources that are tracked by the traveler. Let dé- >0
be the consumption of resource / on arc (i,j). The resource vectors are
assumed to follow triangle inequality.

Each node i has resource limits [a!, b!] which are to be honored by every
feasible path from s to i. These limits could represent time windows or
capacities (say [0, C]).

Formulate the problem of finding the elementary path with the lowest cost
while satisfying resource constraints as an integer program.
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ESPPRC

Let binary decision variables x; indicate if arc (i, ) is chosen and let u! be
the consumption level of resource / at node i.

min E CijXjj

(ij)eEA
1 ifi=s
st. x(6T(N))—x(67 (i) =4 -1 ifi=t VieN
0 otherwise
ul > ul + df — My(1 - xy) V(ij)eAle{l,.. . L}
a} < ul < b] V(i,j)€ATef{l,.. . L}
x; € {0,1} V(ij)eA

The formulation resembles a TSP with time windows and is closer to the
prize collecting TSP since we need not visit all customers.
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ESPPRC

Instead of solving the above MIP using branch and bound, one can use
labeling methods to find optimal solutions (as well as other elementary
paths with negative reduced costs).

The algorithm we will discuss builds on the labeling method for the SPPRC
(where cycles are allowed) by Desrochers et al. (1992).

In this method, for each node i, we maintain a list of labels, each of which
corresponds to a path from s to i and the corresponding resource utilization
vectors.
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ESPPRC

For a given node i, downstream arcs (i, ) are relaxed by updating their
labels by extending the labels of node i.

For a path p from s to i, we maintain labels of the form (R, C’), where
RP = (UP,..., UP") is a list of resources used and C” is the cost of the
path.

What is the problem with this method? This can lead to an exponential
number of labels as the number of paths grows exponentially.
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ESPPRC

To address this issue, dominance rules are applied to prune labels (and
paths) that violate resource constraints or might be sub-optimal.

Given two distinct paths p and g to node 7, we say that p dominates q iff
UP' < U Wi e Land CP < C7, and (RP,CP) # (RP, CP).

At any stage if any of the resource constraints are violated, we do not
extend the label to the successor nodes.
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ESPPRC

Consider the following network with a single resource. Starting with node
1, update the labels of the successors.

(dij i)

(2, 2)
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ESPPRC

[2,2], 3. 0]
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ESPPRC

[2, 2], [4 1] [2, 2]

[4, 4],
[5, 2] [0, 0]

2.2, [3,0] 2.2, [3. 0]

Do we terminate?
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ESPPRC

Let us relax the edges going out of node 2 again. Why don't we add a
label [5, 3] to node 47

[2, 2], [4, 1]

[2, 2], [3. 0], [5, -1]

The algorithm will converge if we have resource constraints at the nodes
and might cycle a few times between nodes 2 and 3, else, it might be
unbounded.
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ESPPRC

To extend this method to the case where we do not allow cycles between
nodes, we add more labels representing a unit visitation resource associated
with each node V.

In addition, we also keep track of the nodes visited by a path p that
connects s to i using m?, which helps us check the dominance rules faster.

Given two distinct paths p and g from s to i, with labels (R", C”) and
(R7, C7). We say p dominates g iff C° < C7, mP < m], U,PI < U,-q/ Ve
L VP <VIVYj=1,.. nand (R®, CP)# (R?,CY).

This is a weaker version and can be further strengthened to limit the
number of labels generated.
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ESPPRC

Let us initialize the labels as shown below. The resource limits are not
explicitly added in this example. One could prune a few labels if they were
present.

( d,’ ) Cj )

(2.2)
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ESPPRC

(2.2, (1100) (2.2, (11,00)

(2, 2) (2,2 (2, 2)

[0, 0, (1,0,0,0)] [0, 0, (1,0,0,0)] [4. 4, (1,1,0,1)]

(2,2)

2,2, (1,0,1,0)] 2,2, (1,0,1,0)] 3,0, (1,1,1,0)]
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ESPPRC

[2, 2, (1,1,0,0)]

(2, 2)
[0, 0, (1,0,0,0)]

(2,2)

[4, 4, (1,1,0,1)]
[4, 4, (1,0,1,1)]
[5, 2, (1,1,1,1)]

(2,2)

[2, 2, (1,0,1,0](3)3, 0, (1,1,1,0)]
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ESPPRC

[2, 2, (1,1,0,0)]

(2, 2)
[0, 0, (1,0,0,0)]

(2,2)

[4, 4, (1,1,0,1)]
[4, 4, (1,0,1,1)]
[5, 2, (1,1,1,1)]

(2,2)

[2, 2, (1,0,1,0](3)[3, 0, (1,1,1,0)]
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ESPPRC

Algorithm 1: ESPPRC(s)

Step 1: Initialization

Ao+ ( 10,(0,..-,0)} ;
N+ 0OVieN\{s};
SEL + {s}

Step 2: Extend labels
while SEL # () do
Remove an element i from SEL ;
for j € 67 (i) do

F,'j — @;

for \; € A; do

if j has not been visited then
Fij < Fj U{EXTEND();,j)};

end
end
end
if A; was updated then
Add j to SEL if it is not already present

end

end

Aj <~ REMOVENONDOMINATEDLABELS(Fj; U A;) ;
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ESPPRC

This ESPPRC algorithm was proposed by Feillet et al. (2004) along with
additional pruning steps that can be applied while extending the labels.

More sophisticated methods involving bi-directional search have been pro-
posed which are faster. The cspy library has a repository of these algo-
rithms.

The VRP problem involves tours that start at a depot and end at a depot.
So, can we apply these algorithms directly?

These methods only help solve the LP relaxations of the VRP problem. For
finding integer solutions, we would still have to branch on the fractional
variables.
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ESPPRC

This method can be combined with BnB where at each BnB tree node, we
use column-generation to solve the set partitioning version of the VRP.

Several options exist for deciding how to branch. Empirically, branching
on the link variables x;; is better than path/tour variables y,.

We can also generate these paths at the root node and let the solvers use
them to find integer solutions (Price and Branch). This method is easy to
implement but can lead to sub-optimal solutions.

Several families of TSP-based valid inequalities are known to be facet-
defining for VRPs. These can also be added to design branch, cut, and
price algorithms.
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Your Moment of Zen
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